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E-mail address: michael.budnitzki@imfd.tu-freiberMost of the technologically relevant abrasive machining techniques for silicon (Si) such as lapping, saw-
ing and grinding are based on the interaction of the silicon surface with a hard particle or asperity. It has
been long established that the governing deformation mechanism for Si under such contact loading con-
ditions is stress induced phase transformation. The present work introduces a novel phenomenological
constitutive model for phase transformations of silicon set up in a thermomechanical framework of broad
applicability. Taking into account experimental observations as well as ﬁrst principle and molecular
dynamics calculations, it captures both the cd-Si? b-Si transition upon compression and the b-Si? a-
Si transition upon rapid decompression, which are most relevant for indenter loading. The model was
numerically implemented in analogy to incremental plasticity and successfully applied for ﬁnite-element
(FE) simulations of nanoindentation.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Silicon (Si) remains the most important semiconductor material
to date and its electrical, optical and mechanical properties have
been subject to extensive studies for decades. For photovoltaics
and MEMS applications Si is used as a structural material (Brun
and Melkote, 2009; Cook, 2006). Therefore, reliability aspects come
into focus. In brittle materials the tensile strength is limited by de-
fects such as micro cracks, which have been introduced during the
manufacturing process (sawing with ﬁxed or loose abrasive, lap-
ping, grinding) (Chauhan et al., 1993; Evans et al., 2003; Hsu
et al., 2009; Möller, 2004). The understanding of elementary con-
tact phenomena between abrasive particles and the silicon surface
is necessary in order to improve these machining techniques. In
addition, surface defects can be introduced through wear. In both
cases surface damage triggered by contact events is crucial.
As many as 12 distinct crystalline or amorphous phases of Si
have been experimentally observed at various stress levels (Dom-
nich and Gogotsi, 2002; Hu et al., 1986; Mcmahon and Nelmes,
1993; Mcmahon et al., 1994). Experiments employing diamond an-
vil cells to impose hydrostatic loading conditions have revealed
that diamond-cubic Si (cd-Si, space group Fd3m) transforms to
the (metallic) b-tin structure (b-Si, space group I41/amd) upon con-
tact loading, leading to 20% densiﬁcation (Hu et al., 1986). The
transition is not reversible and a mixture of crystalline phases
(Si-XII, Si-III) denoted as mc-Si or amorphous silicon (a-Si) arell rights reserved.
g.de (M. Budnitzki)formed for slow and rapid decompression respectively (Domnich
and Gogotsi, 2002; Juliano et al., 2003).1 Gerk and Tabor (1978) sug-
gested that the cd-Si? b-Si transition is the governing deformation
mechanism for Si under indenter loading. Nanoindentation studies
with various indenter-shapes have shown that non-hydrostatic con-
ditions lower the transformation stress, which is in accordance with
theoretical considerations by Gilman (1993). Transformation events
during indentation unloading reﬂect on the force-displacement
(P  h) curve as jumps (pop-out) caused by the formation of mc-Si
or kinks (elbow) due to the formation of a-Si (see Fig. 1). While slip
bands are clearly visible in XTEM (Bradby et al., 2000; Jian et al.,
2010), at room-temperature, dislocation plasticity only accounts
for a minor portion of the inelastic deformation.
For the above reasons, von Mises or crystal plasticity models are
not suited to adequately describe the inelastic processes accompa-
nying contact loading of Si. Such models were employed in an early
ﬁnite element (FE) work by Zhang and Mahdi (1996) and more re-
cent works by Yoshino et al. (2001), Bhagavat and Kao (2007) and
Wang et al. (2007). Indeed, while the loading portion of the P  h
curve can be reasonably well approximated by such models, the
unloading part exhibits severe discrepancies (Zhang and Mahdi,
1996; Wang et al., 2007). Therefore, it cannot be expected that the
residual subsurface stresses, which are the driving force for lateral
cracking (Marshall et al., 1982) are correctly determined.
Vodenitcharova and Zhang (2003, 2004) employed an incre-
mental model with ellipsoidal yield/transformation surfaces with1 For typical free-abrasive machining processes, contact times can be considered
ort; therefore, only b-Si? a-Si transition takes place.sh
Fig. 1. Indentation curves with Berkovich indenter on a polished (100) silicon wafer
showing pop-out (jump) and elbow (kink)respectively.
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they did not incorporate the continuous phase transition upon
decompression, but rather included discrete jumps in the inelastic
volumetric strain in order to account for pop-in/out events. The
employed yield surfaces are closed in stress space and thus predict
phase transitions in tension as well as compression. Phase transi-
tions in tension have not been observed experimentally. Moreover,
the experimental force-displacement curve could only be ﬁtted by
choosing very low values for the elastic constants (E = 80 GPa,
m = 0.17).2 Further, the model overestimates the depth of the trans-
formation zone by 70% (Vodenitcharova and Zhang, 2003).
In a recent attempt Kiriyama et al. (2009) used a multilinear
‘‘elastic’’ model with different tangent moduli for loading and
unloading in order to ﬁt the experimental load-displacement hys-
teresis. Such a model is neither capable of capturing the effect of
multiaxiality on the phase transition nor the independent evolu-
tion of volumetric and deviatoric inelastic strains. Furthermore,
thermodynamic consistency has not been veriﬁed.
The aim of the present work is to introduce a thermodynami-
cally consistent constitutive model for Si capable of describing
the features relevant for free-abrasive machining, namely, the cd-
Si? b-Si transition upon compression and the b-Si? a-Si transi-
tion upon (rapid) decompression.
The paper is structured as follows: In the second Section, gen-
eral modeling considerations for Si are discussed. Section 3 intro-
duces the required thermomechanical framework. In Section 4
the constitutive model is presented. Section 5 gives an overview
over the numerical implementation, whilst in Section 6 the exper-
imental and numerical results are presented and discussed. Sec-
tion 7 contains some concluding remarks.42. Preliminary considerations
Usually, the deformation zone associated with the contact of a
particle or asperity with the Si surface is much smaller than the
grain size of the Si workpiece / structure.3 Hence, for the processes
under consideration, the only microstructure present in the virgin
material is the crystalline lattice. For reasons of geometric compati-
bility, it is clear that the material underneath an indenter tip (repre-
sentative for a particle/asperity) does not transform as a whole, i.e.
different variants of the dense phase form, leading to (sub-) grain
formation. Due to obvious difﬁculties related to the very high stres-
ses involved as well as the necessary sample geometry, this process2 Polycrystalline averages for Si are E = 163 GPa, m = 0.23 (Cook, 2006).
3 In the case of wire-sawing of polycrystalline Si ingots, the typical grain size is in
the order of magnitude of centimeters (cm), while the particle sizes range between a
few microns (lm) and a few tens of microns.
Strictly speaking, this is only true for sharp contact; in indentation with spheres, a
pop-in marks the onset of inelastic deformation for loading at a low rate, which does
not appear for fast loading (Chang and Zhang, 2009a).
5 As only deformations at h = const. are considered, the temperature dependence o
the thermodynamic potentials is dropped for brevity.cannot be observed in-situ. Therefore, the associated microstructural
length cannot be measured directly. Since the atomic structure fur-
ther evolves during unloading, the required information is not acces-
sible ‘‘posthumously’’. For these reasons, a phenomenological
constitutive model without an intrinsic length is chosen to represent
the homogenized response of the material.
Experimental results suggest that the cd-Si? b-Si transforma-
tion is independent of the loading-rate4, while in unloading the rate
serves as a ‘switch’ between the b-Si?mc-Si transformation for
slow decompression, and the b-Si? a-Si transformation for rapid
decompression (Bradby et al., 2001; Chang and Zhang, 2009b; Jang
et al., 2005). Since only the latter is considered in the present work,
the process as a whole can be regarded as rate-independent. It is
well known (Maugin, 1992) that rate-independent dissipation is
equivalent to the existence of a yield or (phase transformation) limit
surface in the space of thermodynamic forces.
It is clear from experiment that Si transforms under hydrostatic
pressure (Hu et al., 1986), i.e. the transformation-surface is closed
in negative principal stress space (compression), but not in tension.
Various atomistic studies (Cheng et al., 2001; Cheng, 2003; Gaál-
Nagy and Strauch, 2006; Lee et al., 1997) suggest a linear relation-
ship between the pressure p and von Mises equivalent stress rq
on the transformation-surface. In principal stress-space, this corre-
sponds to a cone aligned along the hydrostatic axis. However, the
calculated slope strongly depends on the applied boundary condi-
tions and the simulation method (Gaál-Nagy and Strauch, 2006),
leaving it an intrinsic parameter of the phenomenological constitu-
tive model to be developed.
The reverse transformation surface could not be obtained from
atomistic calculations. Therefore, as a working hypothesis, it is as-
sumed to be of the same shape as the forward transformation sur-
face. Similarly, the direction of inelastic ﬂow at meso-scale for
arbitrary multiaxial loading is not known a-priori.
For numerical reasons, it is appropriate to work with smooth,
(continuously) differentiable surfaces in stress space; a cone does
not fulﬁll these requirements. However, it can be approximated
with arbitrary accuracy by hyperboloids of revolution, which will
be the limit surfaces of choice in the present work.
3. Thermomechanics
Toensure thermomechanicalconsistencya-priori, theconstitutive
model is formulated by specifying the thermodynamic state function
Eðr;aÞ5 and the dissipation function Dðr; _a;aÞ, where r denotes the
stressandaaset of internal variables. For thedescriptionof transforma-
tion behavior a convenient choice is a = {etr,n}, where etr represents the
transformation strain tensor and n denotes the phase content.
3.1. Thermodynamic state function
The (Gibbs free-)enthalpy function
Eðr;aÞ ¼ ð1 nÞEelA ðrÞ þ nEelMðrÞ þ r : etr þ EhðnÞ þ I n^ðnÞ ð3:1Þ
for a two-phase material is composed of the speciﬁc contributions
of the phases EelA and EelM , the enthalpy of mixture r:etr and a trans-
formation hardening term Eh. The indicator function
I n^ðnÞ ¼
0 for n 6 n^
1 for n > n^
(
: ð3:2Þf
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content. The total strain can be obtained from
e ¼ @Eðr;aÞ
@r
¼ ð1 nÞeelA þ neelM þ r : etr; ð3:3Þ
which is an additive decomposition. The thermodynamic forces or
generalized stresses v ¼ fvetr ;vng are calculated as
vetr ¼
@Eðr;aÞ
@etr
¼ r; ð3:4aÞ
vn ¼
@Eðr;aÞ
@n
¼ EelMðrÞ  EelA ðrÞ þ
@EhðnÞ
@n
þ @nI n^ðnÞ; ð3:4bÞ
where @nI n^ðnÞ is the so called subdifferential of the indicator func-
tion I n^ðnÞ with respect to n and evaluates to
@nI n^ðnÞ ¼
0 for n < n^
f for n ¼ n^ ðf > 0Þ:
(
ð3:5Þ3.2. Dissipation
For rate-independent materials, Dðr; _a;aÞ is ﬁrst-order homo-
geneous in _a. The Second Law of thermodynamics requires
½@Dðr; _a;aÞ=@ _a v  _a ¼ 0 (Collins and Houlsby, 1997). However,
often the stronger assumption v ¼ @Dðr; _a;aÞ=@ _a is employed,
which is considered sufﬁciently general for most purposes (Ziegler,
1981). This is equivalent to the so called orthogonality principle by
Ziegler (Ziegler, 1983; Ziegler and Wehrli, 1987), which, in turn,
has been shown to be equivalent to the principle of maximum rate
of entropy production (Ziegler, 1983).
Further, assuming maximum rate of entropy production, it can
be shown (Han and Reddy, 1999) that the generalized stresses v
are constrained to a closed convex set K = {v:UC(r,v,a) 6 0} called
the elastic region. No dissipation occurs when v is inside K. The
Legendre-Fenchel transform of the dissipation function
Dðr;v;aÞ ¼ sup
_a
½v  _aDðr; _a;aÞ ð3:6Þ
is the indicator function of K, i.e. Dðr;v;aÞ  IK . From the proper-
ties of the Legendre-Fenchel transform immediately follows
_a 2 @vDðr;v;aÞ  @IK ¼: NKðr;v;aÞ; ð3:7Þ
where @v() is called the subdifferential with respect to v and
NK(r,v,a) denotes the cone of outward normals of K. For any regu-
lar point on the limit surface UC(r,v,a) = 0 the cone NK(r,v,a) re-
duces to the unique outward normal, i.e.
_a ¼ _k @UCðr;v;aÞ
@v
ð3:8Þ
for some positive scalar factor _k [see e.g. (Han andReddy, 1999)]. This
is the so called normality law in generalized stress space. Recalling
that dissipation only occurs at the boundary of K, the evolution Eq.
(3.8) is complemented by the classical Kuhn-Tucker conditions
_kP 0; UCðr;v;aÞ 6 0; _kUCðr;v;aÞ ¼ 0: ð3:9Þ
Further, it can be shown (Han and Reddy, 1999) that the canonical
limit function UC(r,v,a) is related to the dissipation function
Dðr; _a;aÞ by
UCðr;v;aÞ ¼ sup
_a
v  _a
Dðr; _a;aÞ
 
 1: ð3:10Þ
The relationship with the limit surface in true stress space is estab-
lished by the state function via Eqs. (3.4), i.e.FCðr;aÞ ¼ UC r; @Eðr;aÞ
@a
;a
 
¼ 0: ð3:11Þ4. Proposed constitutive model for silicon
For materials such as Si exhibiting a change in volume per atom
during phase transformation, the phase content is directly propor-
tional to the volumetric transformation strain mtr :¼  tr(etr), such
that n ¼ mtr=m^tr, where m^tr is the maximal achievable volumetric
transformation strain. Additionally, introducing the deviatoric
transformation strain ctr ¼ etr þ 13 mtr1 allows to conveniently refor-
mulate the choice of internal variables to a = {ctr,mtr}. In the follow-
ing, kAk : ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A : A
p
denotes the quadratic norm of the second order
tensor A and Aq :¼
ﬃﬃ
3
2
q
kA0k, where A0 :¼ A 13 trðAÞ denotes the
deviator of A.
4.1. Gibbs free enthalpy
If, as a simplifying assumption, no distinction between the
enthalpies of the different phases is made, Eq. (3.1) can be written
as
Eðr;aÞ ¼ EelðrÞ þ r : ctr  1
3
mtr1
 
þ EhðmtrÞ þ I m^tr ðmtrÞ: ð4:1Þ
For a linear-elastic material the elastic portion of the Gibbs free
enthalpy takes the form
EelðrÞ ¼ 1
2
r : S : r; ð4:2Þ
where S is the 4th order elastic compliance tensor. If linear transfor-
mation hardening is assumed, the term EhðmtrÞ can be written as
EhðmtrÞ ¼ pY0 mtr 
1
2
QðmtrÞ2; ð4:3Þ
where Q is the hardening modulus. The generalized stresses [see
Eqs. (3.4)] can be calculated as
v0 ¼ @Eðr;aÞ
@ctr
¼ r0; ð4:4aÞ
vp ¼
@Eðr;aÞ
@mtr
¼ p pY0  Qmtr þ @mtrI m^tr ðmtrÞ ¼: p pYðmtrÞ; ð4:4bÞ
where p is the hydrostatic pressure and
@mtrI m^tr ðmtrÞ ¼
0 for mtr < m^tr
f for mtr ¼ m^tr

; ð4:5Þ
with f > 0. The difference between true and generalized stresses can
be readily identiﬁed with the backstress (Collins and Houlsby,
1997). In the present case, only the hydrostatic component is af-
fected, i.e. during transformation the limit surface will be dragged
along the hydrostatic axis in true stress space.
4.2. Dissipation
It is assumed that energy is dissipated during motion of the
phase boundary, i.e. when the phase content n or, as discussed
above, the volumetric transformation strain mtr change. This can
be written as
Dðr; _a;aÞ ¼ lðp; mtr; sÞ _mtr P 0; ð4:6Þ
where s :¼ signð _mtrÞ, i.e. s = +1 for forward and s = 1 for reverse
transformation. To control the direction of inelastic ﬂow, the dissi-
pation function is supplemented with the kinematic constraint
Cðr;a; _aÞ :¼ _mtr þ
ﬃﬃﬃ
2
3
r
bðp; mtr; sÞk _ctrk ¼ 0: ð4:7Þ
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Eq. (3.10) can now be used to calculate the canonical limit
function
UCðr;v;a; sÞ ¼ sup
0– _mtr ; _ctr
vp _mtr þ v0 : _ctr
lðp; mtr; sÞ _mtr
 
 1: ð4:8Þ
The evaluation of the supremum in Eq. (4.8) is subject to the con-
straint C ¼ 0 speciﬁed in Eq. (4.7). To this end, the Lagrange multi-
plier formalism with the Lagrangian
L ¼ vp
_mtr þ v0 : _ctr
lðp; mtr; sÞ _mtr þK _m
tr þ
ﬃﬃﬃ
2
3
r
bðp; mtr; sÞk _ctrk
 !
ð4:9Þ
is employed. The resulting equations are6
0 ¼ @L
@ _mtr
¼  v
0 : _ctr
lðp; mtr; sÞð _mtrÞ2
þK; ð4:10Þ
0 ¼ @L
@ _ctr
¼ v
0
lðp; mtr; sÞ _mtr þ
ﬃﬃﬃ
2
3
r
Kbðp; mtr; sÞ _c
tr
k _ctrk ; ð4:11Þ
0 ¼ @L
@K
¼ _mtr þ
ﬃﬃﬃ
2
3
r
bðp; mtr; sÞk _ctrk: ð4:12Þ
If Eq. (4.11) is contracted with _ctr and combined with Eq. (4.10),
then Eq. (4.12) is retrieved. Hence, it is necessary and sufﬁcient to
fulﬁll the constraint (4.7) to obtain the supremum in (4.8). If Eq.
(4.11) is contracted with 32v
0 and combined with Eqs. (4.10) and
(4.12), the following relationship is obtained
ðv0 : _ctrÞ2 ¼
3
2 kv0k2ð _mtrÞ2
bðp; mtr; sÞ2
¼ v
2
qð _mtrÞ2
bðp; mtr; sÞ2
: ð4:13Þ
It is assumed that signðv0 : _ctrÞ ¼ signð _mtrÞ. Hence,
v0 : _ctr ¼ vq
_mtr
jbðp; mtr; sÞj : ð4:14Þ
Using Eq. (4.14), the canonical limit function (4.8) is calculated as
UCðr;v;a; sÞ ¼ sup
0– _mtr ; _ctr
vp _mtr þ
vq
jbðp;mtr ;sÞj _m
tr
lðp; mtr; sÞ _mtr
" #
 1
¼ sup
0– _mtr ; _ctr
vp þ
vq
jbðp;mtr ;sÞj
lðp; mtr; sÞ
" #
 1
¼ jbðp; m
tr; sÞjvp þ vq
lðp; mtr; sÞjbðp; mtr; sÞj  1: ð4:15Þ
For certain purposes a more convenient [but not canonical in the
sense of (Han and Reddy, 1999)] representation U(r,v,a) of the
limit function can be obtained by multiplying Eq. (4.15) with the
denominator of the ﬁrst term. Since, by convention, U(r,v,a) 6 0,
it becomes necessary to distinguish between forward transforma-
tion ð _mtr > 0Þ denoted by ()f and reverse transformation ð _mtr < 0Þ
denoted by ()r. The resulting limit functions are
Uf ðr;v;aÞ ¼ vq  jbðp; mtr;þ1Þj½lðp; mtr;þ1Þ  vp; ð4:16aÞ
Urðr;v;aÞ ¼ jbðp; mtr;1Þj½lðp; mtr;1Þ  vp  vq: ð4:16bÞ
The limit functions in true stress space are obtained using Eq. (4.15)
Ff ðr;aÞ ¼ rq  jbðp; mtr;þ1Þjflðp; mtr;þ1Þ  ½p pYðmtrÞg
¼: rq  ~lðp; mtr;þ1Þ; ð4:17aÞ
Frðr;aÞ ¼ jbðp; mtr;1Þjflðp; mtr;1Þ  ½p pYðmtrÞg  rq
¼: ~lðp; mtr;1Þ  rq; ð4:17bÞ
while the direction of inelastic ﬂow is determined from (3.8) result-
ing in6 For _mtr–0 it should be noted that @s=@ _mtr ¼ 0._ctr ¼ _k @UCðr;v;aÞ
@v0
¼: _^k
ﬃﬃﬃ
3
2
r
v0
kv0k ; ð4:18aÞ
_mtr ¼ _k @UCðr;v;aÞ
@vp
¼: _^kjbðp; mtr; sÞj; ð4:18bÞ
with signð _^kÞ  signð _mtrÞ.
4.4. Choice of functional forms for ~lðp; mtr; sÞ and b(p,mtr,s)
For the reasons discussed in Section 2, the limit surfaces in prin-
cipal stress space are hyperboloids of revolution. Considering the
expressions for the limit functions given by Eqs. (4.17), an appro-
priate choice for ~l is
~lðp; mtr; sÞ :¼ b
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð½p pYðmtrÞ  HðsÞd  aÞ2  a2
q
; ð4:19Þ
where H is the unit-step function and a, b and d are shape parame-
ters [see Fig. 2(a)]. The resulting surface for forward transformation
intersects the hydrostatic axis at p = pY(mtr). For this case b(p,mtr,s) is
chosen as
bðp; mtr;þ1Þ :¼ b
0
a
p pYðmtrÞ  aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð½p pYðmtrÞ  aÞ2  a2
q ; ð4:20Þ
which, depending on the choice of b0, results in associated (b0 = b) or
non-associated ﬂow. It is necessary to ensure non-negativity of dis-
sipation throughout the loading process. For the case of forward
transformation, condition (4.6) reads
lðp; mtr;þ1Þ ¼ ½p pYðmtrÞ þ jbðp; mtr; sÞj1 ~lðp; mtr; sÞP 0 ð4:21ÞFig. 2. Limit surfaces and ﬂow potentials. Dotted lines indicate the asymptotic
cones.
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evaluates to
lðp; mtr;þ1Þ ¼ ½p pYðmtrÞ 
b
b0
½p pYðmtrÞf½p pYðmtrÞ  2ag
½p pYðmtrÞ  a
¼ p pYðmtrÞ
 	
1 b
b0
p pYðmtrÞ½   2a
½p pYðmtrÞ  a
 
P 0; ð4:22Þ
or
b
b0
P
p pYðmtrÞ½   a
½p pYðmtrÞ  2a
; ð4:23Þ
which is always satisﬁed for b
b0 P 1.
7
During reverse transformation, the inelastic ﬂow is assumed to
be purely volumetric, i.e. Crðr;a; _aÞ :¼ k _ctrk ¼ 0. This condition
can be obtained from (4.7) in the limit b(p,mtr,  1)?1, or, using
deﬁnition (4.20), b0 ?1. It can be seen from Eqs.(4.17) and
(4.19), that the shape of the limit surface in principal stress space
remains unaffected, as the hyperboloid is only shifted by d along
the hydrostatic axis [see Fig. 2(b)].
Non-negativity of dissipation [see Eq. (4.6)] is readily veriﬁed by
lðp; mtr;1Þ ¼ lim
b0!1
 b
b0
½p pYðmtrÞ  dð½p pYðmtrÞ  d  2aÞ
½p pYðmtrÞ  d  a

½p pYðmtrÞ


¼  lim
b0!1
b
b0
  ½p pYðmtrÞ  dð½p pYðmtrÞ  d  2aÞ
½p pYðmtrÞ  d  a
 ½p pYðmtrÞ
¼ pYðmtrÞ  pP 0
For visualization purposes it is convenient to consider ﬂow poten-
tials in stress space. From Eq. (4.18) it is easily seen that the ﬂow
potentials corresponding to the behavior described above are given
by
Gf ðr;aÞ ¼ rq  b
0
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð½p pYðmtrÞ  aÞ2  a2
q
; ð4:25aÞ
Grðr;aÞ ¼ const: p: ð4:25bÞ
The direction of inelastic ﬂow is normal to the surfaces of Gg = 0
with g 2 {f, r}. These surfaces are shown as dashed lines in
Figs. 2(a) and 2(b).
4.5. Behavior in tension
Experimentally, no cd-Si?b-Si transition has been observed in
tension. Indeed, it does not appear feasible, since it is accompanied
by a volume reduction rather than an increase. Further, even for
very small (MEMS-scale) samples, the tensile strength of the mate-
rial is exceeded before transition-relevant stresses are reached. An
adequate damage formulation would be required to appropriately
capture micro-cleavage in tension. However, such strain softening
behavior needs special treatment in the ﬁnite element (FE) imple-
mentation. These problems are beyond the scope of the present pa-
per and will be subject to future research.
5. Finite element implementation
For the FE implementation it is convenient to work with limit
surfaces Fg [see Eqs. (4.17) and (4.19)] and ﬂow potentials Gg
[see Eqs. (4.25)] with g 2 {f, r} formulated in true stress space. Evo-
lution Eqs. (4.18) are used in the form
_ctr ¼ _k @Ggðr;aÞ
@r0
; _mtr ¼ _k @Ggðr;aÞ
@p
; ð5:1Þ
with the Kuhn–Tucker conditions (3.9) written as
_kP 0; Fgðr;aÞ 6 0; _k  _Fgðr;aÞ ¼ 0: ð5:2Þ7 Clearly, a tighter bound can be obtained by considering the pressure range
[0,pY(mtr)] only.It is now appropriate to use matrix instead of tensor notation;
hence, a denotes a 6-vector and A denotes a 6  6-matrix. For a uni-
ﬁed treatment, all limit functions and ﬂow potentials can be written
as general second order functions
Ffðr;aÞ ¼ ðrTPfrÞ
1
2 þpTf rrYf ; Frðr;aÞ ¼ rYr pTrr rTPrr
 1
2;
ð5:3Þ
Gf ðr;aÞ ¼ rT eP fr 12 þ ~pTf r ~rYf ; Grðr;aÞ ¼ ~rYr  ~pTrr ðrT eP rrÞ12:
ð5:4Þ
Exemplary, the hyperboloidal limit surface for forward transforma-
tion [see Eq. (4.17a)]
Ffðr;aÞ ¼ rq  ba
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½ðp pYÞ  a2  a2
q
¼ 0 ð5:5Þ
can be restated as
Ffðr;aÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
r0 : r0 þ j2f1ðj2f3  1Þp2
r
þ jf1jf3p jf1jf2
¼ 0; ð5:6Þ
by deﬁning
jf1 ¼ ba ; jf2 ¼ ðp
2
Y þ 2pYaÞ
1
2; jf3 ¼ pY þ ajf2 : ð5:7Þ
The procedure is analogous for all other functions. The matrices Pg
and ePg as well as the coefﬁcient vectors pg and ~pg are listed in
Appendix A for reference.
As the limit surfaces for forward and reverse transformation do
not intersect, the considerations below are valid for both processes
independently. The index ()g is dropped for brevity.
Stress integration is performed using the robust backward Euler
integration algorithm (Zeng et al., 1996). In each increment the
stress is calculated from
rjnþ1 ¼ rTRjnþ1  Dkjnþ1bjnþ1; ð5:8Þ
where rTR is the trial stress, i.e. the elastic predictor, Dk the plastic
multiplier and b ¼ @G
@r the normal to the ﬂow potential. The trial
stress is determined from the applied strain increment Dejn+1 as
rTRjnþ1 ¼ rjn þ CDejnþ1; ð5:9Þ
where C is the matrix form of the stiffness tensor S1. The plastic
multiplier is computed iteratively from Dkjnþ1 ¼
P
idkjinþ1, with
dkjiþ1nþ1 ¼
F  aTQ1r
aTQ1q @F
@Dk

iþ1
nþ1
; ð5:10Þ
where,
ajiþ1nþ1 ¼
@F
@r
i
nþ1
; ð5:11Þ
rjiþ1nþ1 ¼ rjinþ1  rTRjnþ1  Dkjinþ1Cbjiþ1nþ1
 
; ð5:12Þ
Q jiþ1nþ1 ¼ I þ Dkjinþ1C
@b
@r
iþ1
nþ1
; ð5:13Þ
qjiþ1nþ1 ¼ Cbjiþ1nþ1 þ Dkjinþ1C
@b
@Dk
iþ1
nþ1
: ð5:14Þ
In order to achieve quadratic rate of asymptotic convergence of the
global Newton-Raphson procedure, the tangent modular matrix
needs to be consistent with the stress update algorithm (Simo
and Taylor, 1985). In can be shown (Zeng et al., 1996) that
@Dr
@De

nþ1
¼ Q1jnþ1 I 
qaTQ1
aTQ1q @F
@Dk

nþ1
 !
Cjnþ1: ð5:15Þ
Table 1
Experimental results for Berkovich indentation in a
(100) silicon surface.
Property name Value
HIT 11.35 ± 0.13 GPa
EIT 174.3 ± 2.5 GPa
Er 158.5 ± 1.2 GPa
S 290.68 ± 2.45 mN/lm
hc 0.308 ± 0.002 lm
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6.1. Nanoindentation experiments
Nanoindentation experiments have been performed using the
UNAT (Asmec GmbH) indentation device. Area function of the in-
denter tip as well as instrument compliance have been carefully
determined using an algorithm implemented in the UNAT soft-
ware. In this procedure the area function is determined indepen-
dently from a sapphire (E = 420 GPa,m = 0.234) and a fused silica
(E = 72 GPa, m = 0.17) reference sample, respectively. Then, the
instrument compliance function is adjusted until the two area
functions match. An indenter tip radius of 217 nm has been ﬁtted.
A reference force-displacement curve (see Fig. 6) was obtained
as an average of 10 Berkovich8 indentations with a peak load of
30 mN at a rate of 2 mN/s in a polished (100) single crystal silicon
surface. Zero point correction in accordance with ISO 14577 (ISO
Central Secretariat, 2002) has been applied to the data. The reduced
modulus Er as well as the indentation modulus EIT have been ob-
tained from the contact stiffness at the point of unloading S in the
usual fashion. The values for contact depth hc and indentation hard-
ness HIT were calculated using the (Oliver and Pharr, 1992) proce-
dure. The results are summarized in Table 1. These values agree
well with results from literature [see e.g. Chang and Zhang, 2009a;
Domnich et al., 2000; Domnich and Gogotsi, 2002; Jang et al.,
2005; Pharr et al., 1991].Fig. 3. Homogeneous loading conﬁguration (axisymmetric model). Nomenclature:
t-time, p-pressure, ev-negative volumetric strain, rq-equivalent stress, eq-equivalent
strain, mtr-volumetric transformation strain, ctr-equivalent transformation strain.
Table 2
Model parameters.
Model parameters Present model von Mises plasticity
m 0.23 0.23
m^tr 0.204
pY0 11.30 GPa
Q 3.92 GPa
E 169.99 GPa 158.72 GPa
a 0.50 GPa
b/a 1.005
b0/a 1.005
d 4.31 GPa
rY 5.40 GPa6.2. Numerical simulation of homogeneous loading conditions
The constitutive model was numerically implemented as user
material subroutine (UMAT) in the commercial ﬁnite element
(FE) code Abaqus/Standard. To verify the employed numerics as
well as the model’s basic properties, simulations of a homoge-
neously loaded sample with different multiaxiality ratios q were
performed (see Fig. 3). Elastic isotropy was assumed. For consis-
tency with the indentation simulations in Section 6.3, the model
parameters listed in Table 2 were used. The sample’s geometry
and applied loads are shown in Fig. 3(a). The applied load was
ramped as shown in Fig. 3(b). As expected, the transition pressure
and the slope of the p  ev-curve [ev =  tr(e)] increase with
increasing multiaxiality [Fig. 3(c)], while the equivalent stress rq
at transition pressure and equivalent transformation strain
ctr ¼
ﬃﬃ
2
3
q
kctrk decline [see Figs. 3(d) and 3(f)]. Upon decompression,
the inelastic volumetric strain mtr is recovered [Fig. 3(e)], while ctr
remains unchanged [Fig. 3(f)], which is consistent with the elastic
unloading in the rq  eq-diagram [Fig. 3(d)], with eq ¼
ﬃﬃ
2
3
q
ke0k.
6.3. Application to indentation modeling
After validation, the constitutive model was applied to the sim-
ulation of nanoindentation experiments in silicon samples with
Berkovich indenter. The FE-code Abaqus/Standard was used. To re-
duce computational effort, an axisymmetric model was chosen.
The indenter tip was modelled as an elastic cone (Ei = 1140 GPa,
mi = 0.07) with an opening angle of 70.3 and a tip radius of
217 nm chosen to match the area function the Berkovich indenter
used in experiment. The load was applied to the top surface of the
cone. The size of the indenter was varied until an increase by one
order of magnitude resulted in a change in tip displacement of less
than 0.1% under full load.
As the sample size is much larger than the penetration depth of
the indenter tip, the sample was modeled as semi-inﬁnite (see8 The so called Berkovich indenter is a three-sided pyramid with a center-line to
face angle of a = 65.27 (Fischer-Cripps, 2004).Fig. 4). Displacements at the inﬁnite boundary were ﬁxed. In the FE
implementation a 12.5  12.5 lm2 area was meshed with 4800
CAX4 continuum elements and one outer layer of CINAX4 ele-
ments. The mesh was reﬁned towards the contact area (see
Fig. 5). The elastic properties of the sample material were assumed
to be isotropic. For the contact between diamond and silicon a
nominal value of the friction coefﬁcient lfric = 0.2 was assumed.
Calculations were performed with the new constitutive model
as well as ideal von Mises plasticity for comparison. The value of
the Poisson’s ratio m was determined as polycrystalline average
from crystal data (Cook, 2006), whilst the maximal achievable vol-
umetric transformation strain m^tr, the transformation initiation
pressure pY0 and the hardening modulus Q, which are required
for our model were derived from experimental data by Hu et al.
(1986). An optimization algorithm [the downhill simplex method
due to Nelder and Mead, 1965] was employed to select a set of
Fig. 4. Schematic simulation setup and boundary conditions.
Fig. 5. Deformed FE-mesh unter the indenter tip.
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with respect to the experimentally obtained reference curve for
both constitutive models. Since for von Mises plasticity the unload-
ing is purely elastic, only the upper 40% of the unloading portion of
the P  h curve were considered in the optimization routine for
this case. The resulting parameters are listed in the lower part of
Table 2.
The ﬁnal force displacement curves are shown in Fig. 6 along
with the experimental reference. Both models are capable of
describing the loading portion of the experimental curve with suf-
ﬁcient accuracy. However, deviations occur during unloading.
While the von Mises plasticity model completely fails to predict
the inelastic portion of the unloading curve,9 the new constitutive
model describes the shape of the curve in an averaged sense. Devia-
tions from the experimentally obtained curve suggest that the
assumption of purely volumetric b-Si? a-Si transformation might
be slightly too restrictive. Nonetheless, the residual indentation
depth after unloading was captured correctly.
The phase distribution under the indenter at maximum applied
load is shown in Fig. 7. Since phase transformation is a continuous
process in our model, there is no sharp transition between the cd-
Si parent phase and the metallic b-Si phase; instead, a transition re-
gion can be seen. The depth of the transformation zone
overestimates the one obtained experimentally [see (Vandeperre
et al., 2007), Fig. 2a] by about 18%.10 However, in experiment a huge
median crack is visible,which reduces the stress in the transformation
zone by accommodating some of the transformed material as well as
loosening the constraint imposed by the surrounding cd-Si phase.
These effects were not accounted for in our simulation.
It should be noted that in Fig. 7 the zone of fully transformed
material is conﬁned under the indenter tip and does not reach the
free surface. This is consistent with experimental observations by
Jang et al. (2005), which showno extrudedmaterial under relatively
blunt pyramidal indenters (with center-line to face angles aP 55).
While the value of Young’s modulus E obtained by optimization
matches the experimentally obtained indentation modulus EIT
with a relative error of less than 3%, it can be argued that these
quantities should not be compared directly due to systematic er-9 Further, the rather low value of Young’s modulus E = 158.72 GPa obtained for von
Mises plasticity suggests the incorrect prediction of a pile-up leading to a too large
contact area.
10 For this comparison scaling to the max. force of P = 60 mN used in the experiment
has been applied.rors introduced by the Oliver and Pharr (1992) method, especially
for hard materials [see (Hay et al., 1999)].11
In order to be consistent with the experimental procedures, the
Oliver and Pharr (1992) method is applied to the simulated force-
displacement curves: The unloading portion of the force-displace-
ment curve is ﬁtted by the power law P(h) = k(h  h0)m with
parameters k, h0 and m. The contact stiffness at the point of
unloading S⁄ and the contact depth hc are then calculated from
S ¼ dP
dh

h¼hmax
; ð6:1Þ
hc ¼ hmax  e
PðhmaxÞ
S
; ð6:2Þ
respectively, where hmax is the maximum penetration depth and
e = 0.781 is an empirical value determined in accordance with Chu-
doba and Jennett (2008). The reduced modulus is obtained from
Er ¼
ﬃﬃﬃ
p
p
2
Sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A hc
 q ; ð6:3Þ
where A hc
 
is the area function of the indenter tip evaluated at the
contact depth. Finally, the indentation modulus
EIT ¼
1 m2
1
Er
 1m2iEi
ð6:4Þ
is calculated. The resulting value is EIT ¼ 179:6 GPa, which also
compares very well to the experimentally obtained indentation
modulus given in Table 1.
7. Conclusion
A thermomechanically consistent constitutive model for silicon
under pressure and contact loading conditions was presented. It
has been shown to be capable of describing the material’s behavior
under Berkovich indenter loading conditions. Contrary to plasticity
models, the implemented volumetric reverse transformation dur-
ing unloading allows to match the experimentally determined
residual indentation depth as well as the size of the transformation
zone with sufﬁcient accuracy.
The presented thermomechanical formulation is general en-
ough to allow different choices of limit functions and/or ﬂow1 The small deviation between E and EIT may also be due to the elastic anisotropy of
ngle crystal Si, which has not been accounted for in our simulations. However, the
ffect appears to be almost negligible. If required, anisotropy effects can be easily
cluded in the compliance tensor S in Eq. (4.2).1
si
e
in
Fig. 6. Experimental and simulated force-displacement curves. Fig. 7. Transformed zone under a load of 30 mN.
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parameters are readily obtained. Hence, the constitutive model
can be easily applied to the description of reversible stress induced
phase transformations in materials other than silicon.Acknowledgements
This work was performed within the Cluster of Excellence
’’Structure Design of Novel High-Performance Materials via Atomic
Design and Defect Engineering’’ (ADDE), which is ﬁnancially sup-
ported by the European Union (EFRE) and by the Ministry of
Science and Art of Saxony.
Appendix A. Coefﬁcient vectors and matrices
Using the notation introduced in Section 5 [see Eqs. (5.3) and
(5.7)] and additionally deﬁning
; ðA:1Þ
the coefﬁcient matrices and vectors can be written as:
Pg ¼ Lq þ j2g1 j2g3  1
 
Lp; pg ¼ 13jg1jg3 1 1 1 0 0 0½ ;
ðA:2Þ
with
jf1 ¼ ba ; jf2 ¼ p
2
Y þ 2pYa
 1
2; jf3 ¼ pY þ ajf2 ; ðA:3Þ
jr1 ¼ jf1; jr2 ¼ ½ðpY þ dÞ2 þ 2ðpY þ dÞa
1
2: jr3 ¼ pY þ dþ ajf2 :
ðA:4Þ
Similarly,
eP f ¼ Lq þ ~j2f1 ~j2f3  1 Lp;
~pf ¼ 
1
3
~jf1 ~jf3 1 1 1 0 0 0½ ;
ðA:5Þ
eP r ¼ 0; ~pr ¼ 13 1 1 1 0 0 0½ ; ðA:6Þwith
~jf1 ¼ b
0
a
; ~jf2 ¼ jf2; ~jf3 ¼ jf3: ðA:7ÞReferences
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